Numerical Experiments with Central Place Theory and Spatial Interaction Modelling





1  Introduction

The relationship between central place theory and spatial interaction models is currently a subject of research.  It was once thought that the incorporation of central place theory into spatial interaction models was likely to be difficult.  Wilson (1974, p.220) wrote:



“...we should note that some of the concepts of central place theory, notably those associated with the idea of ‘hierarchy’ are obviously useful and have not yet been successfully incorporated into spatial interaction models.”



He conjecturised that the task was a difficult one (ib.).

Subsequently, this task was found to be fairly straightforward and a number of researchers, including Wilson, now assume that the variables usually employed in spatial interaction models are capable of providing an implicit representation of several aspects of a central place system; for example, Wilson (1976, 1977, 1981a,b), Wilson and Senior (1974), Wilson and Williams (1976).



Indeed, central place theory is now regarded as being incorporated in spatial interaction models in two principal ways.  First, information about the number of centres at each level of the hierarchy and the spacing of these centres is contained in the attraction term in the well-known shopping model and also, in an indirect way, in the interzonal generalised cost matrix (Wilson, 1977).  Wilson (1981b) maintains:





“A hierarchical settlement structure will develop through the scale economies implied by the W and in this sense the model also functions as an alternative to central place theory.” (P.273).



Second, the market area of a particular good is regarded as being determined by the size of the b-parameter in the negative exponential deterrence function of a spatial interaction models of consumer response to the pattern of facilities as defined by the attraction variable (Wilson, 1981b, p.179).  Only when the b-parameter tends to infinity will consumers go to their nearest appropriate centres following the dictates of central place theory (Wilson, 1977; Wilson and Senior, 1974).



Veneris (1980) suggested an alternative interpretation.  He points out certain misconceptions in the central place theory literature.  The scale economies which are assumed to generate hierarchies are not relevant for Christallerian central place theory compared with that due to Losch.  According to Christaller, the hierarchy is strict, derived solely from the principle of travel minimisation, and the markets do not overlap.  Further, he suggested that each specific type of central place system (non-hierarchical, Christallerian, Loschian, post-hierarchical) implies different type of spatial interaction models and that the same model cannot be used for all.  The generalised spatial interaction models, now regarded as providing a blanket representation of central place theory, was considered most appropriate only for a Loschian system because of the particular type of connectivity patterns it assumes.  By contrast, Veneris (1980) considers that a Reilly (1931) model will best represent a Christallerian system, because it assumes non-overlapping spatial markets.



The question now is how best to evaluate these alternative hypotheses.  One approach (Wilson, 1977, 1981a) has been to use comparative statics, mathematical programming, and catastrophe theory to investigate the extent to which the so-called “spatial interaction activity” model (a generalised Lowry model) can represent a central place system.  The results are not, however, convincing as the equations become unmanageable analytically.  It is for this reason that Wilson (1977) suggested that “perhaps the best way to take these explorations further would be to carry out a lot of ‘numerical experiments’ on a computer with the SIA model” (p.32).  Subsequent work has shown that most interest has been focused on the dynamic aspects of model behaviour (e.g. Clark and Wilson, 1983), while the basic proposition that there is a close correspondence between spatial interaction activity models and central place theory has simply been accepted without any further investigation.



The aim here is to use numerical methods to explore aspects of the alternative hypotheses.  Wilson (1977) states that: “It can be argued that the K=3 andK=4 mechanisms are implicitly in the SIA model”.  We test this proposition using the retail model-part of the SIA system, although our approach could be extended to include a complete SIA model.  We also explore Veneris’ (1980) proposition that a Reilly model would be more appropriate for a Christallerian system, compared with other types of spatial interaction models.  The test involves generating trip and cost data that characterise a K=3 Christallerian landscape and then investigating the ability of various spatial interaction models to reproduce the ‘observed’ data.



Section 2 describes how we derive hypothetical trip and cost data which are an accurate theoretical representation of how the fictitious inhabitants of a Christallerian landscape might be expected to behave.  Section 3 discusses the results of trying to fit various forms of spatial interaction shopping model to these data, while section 4 focuses on some more general considerations.



2.  Generating interaction data for a Christallerian Central Place System

2.1  Notation

The development of computer algorithms which operationalise a central place system is a complex task which has not been undertaken since Christaller published his work.  For the purposes of this paper we examine a K=3 system with four levels of good.  This basic system, shown in Figure 1 is based on Christaller’s original system presented in Figure 2 (Christaller, 1933; 1966, p.66), but here there are four rather than five levels of good to reduce the size of the subsequent data-generation task.



The first problem is to develop a general notation for representing the Christallerian network of nodes and links.  Here we assign each centre a four character code of the form IJKL; where J represents the order of the good or centre (J=1,2,3,4);  I denotes an unique number which is assigned to each individual centre of the same level (I=1,2,3,4,5,6);  K has the value zero, except for first order centres when it has the value 1 if the centre is on a side and 2 if it is on a radial link (the designations side and radial refer to the largest hexagon based on the fourth order centre, viz 0400); and L is also only non-zero for first order centres to distinguish between the two first order centres that are found on each side (L=1,2) and on each radial link (L=1,2).  Figure 3 gives a full picture of a K=3 network using this descriptive notation.



The notation specified here allows a unique code to be assigned to each centre while its hierarchical properties are particularly useful for computational purposes.  In particular, it allows a series of rules and equations to be formulated for generating trip and cost data.  It should be noted that not all 96 combinations of centre exist; in fact there are only 37 valid IJKL combinations in Figure 3.



For the purposes of deriving data for a spatial interaction models, each of these 37 nodes, or centres, must be regarded as being an equi-sized hexagonal zone.  A zoning system is, thus, formed, which completely covers the study region within the outer hexagon that defines the range of the single, level four centre in the middle.  There are no externality problems.



2.2  The closure problem

One obvious difficulty is that of defining precisely what is meant by a K=3 Christallerian system with four levels of good.  Christaller’s original scheme implies an infinite landscape.  Although each market has a finite size, the total system has no outer boundaries to it.  However, for purposes of computational tractability it is necessary to constrain Christaller’s system and impose some boundaries upon it, although neither Christaller nor the central place literature provide any guidance as to how this may be achieved.  Here we consider three different types of system closure: Isolated State, Territorial Closure, and Functional Closure.



The Isolated State is the simplest notion which implies that the populations in all the hexagons are served by centres within the region focused on the principal metropolitan centre, which is 0400 in Figure 3.  No functional influence is assumed to be exerted from centres outside the region of interest, and the whole population of the peripheral hexagons (I300 and I11L) is served by the given system of centres.



An alternative assumption is that of Territorial Closure, according to which there is a physical barrier all around the 0400 system, across which no interaction with the ‘system-environment’ takes place.  This affects the third order hexagons (I300, I=1,...6) which have their populations reduced by one third, and the first order hexagons along the boundary lines (I11L, I-1,...6; L=1,2) which have their populations reduced by one-half.  Christaller envisaged such ‘half-markets’ (e.g. centres by the sea).



The Functional Closure assumption considers that the given 0400 system is a subsystem within a larger system and that some functional influence is exerted from centres outside the study region, which serve some of its population.  For example, each I300 hexagon provides its population with first, second, and third order goods.  For fourth order goods this population is shared between three fourth order centres, one of which is the 0400 centre of the study region, and the other two are outside; this requires six fourth order centres in the surrounding region.  Similar considerations affect the I11L hexagons which for the fourth order goods have two 0400, one in the region and one outside, while for the second order goods there are three centres (one I300 and one I200 inside the region, and one second order centre outside).  The Functional Closure assumption is probably most in accordance with Christallerian principles and may be regarded as equivalent to the case of an urban field, or a “mesolevel” system (Veneris, 1984) located within a continuous urbanised area, although Figure 1, based on Christaller (1933; 1966, p.66) would seem to imply some kind of territorial closure.



2.3  Generating Trips

The task of generating trips from the Christallerian systems used here involves identifying and then applying in a deterministic fashion the basic Christallerian logic.  Central place theory readily defines the proportion of trips from each base hexagon which are served by each centre.  It is then a matter of taking into account the three types of closure and formalising the Christallerian trip allocation rules for each level of good.  Tables 1, 2, 3 show the assignment equations that are used.  Once a suitable population density value has been assigned to P, then it is fairly easy to generate the pattern of trips between the 37 centres (or destination zones in normal spatial interaction model terminology) and the 37 hexagons being served (or origin zones) for each level of good or for all levels of goods.



The three closure assumptions operate as follows:  in the Isolated State all the base hexagons have the same arbitrary population level P.  In the Territorial Closure situation the network is ‘truncated’ along the edges, so that:



	P(I300) = P/3	I = 1,2,...6

	P(I11L = P/2	I = 1,2,...6

where P(I300) and P(I11L) represent the base hexagons which contain I300 and I11L centres, respectively.  With Functional Closure the markets are suitably reduced to account for competition from centres outside the given system.  Thus, the 6 fourth order centres are assumed to attract the population of the 6 third order centres, so that P(I300) = P/3, and so forth.



The end product, when suitable computer algorithms are applied, are four (one for each level of good) 37 x 37 origin-destination trip matrices for each of the three types of closure (a total of 12 matrices) which represent the interaction patterns for the K=3 Christallerian system.  Data for level 1,2,3, and 4 order goods under the assumption of the Isolated State are given in Appendices 1,2,3, and 4.  It is thought that these data might be of some interest for pedagogic and research purposes.



Three interesting points concern the nature of the zoning system that is used.  First, the use of equal-sized hexagons obviously constitutes the optimal areal arrangement for Christallerian data and thus avoids a major measurement problem that affects virtually all studies of interaction data (Openshaw, 1977).

Second, a major difference between the Christallerian zoning system and most alternative spatial data regionalisation schemes is that Christaller’s basic areal unit is not an arbitrary spatial unit, but is defined functionally, that is to say, it is a reflection of the structure of the spatial economy that characterises a Christallerian landscape.



Third, few intrazonal trips (for level 1 goods only) are present.  This avoids another data problem for spatial interaction models, which can only readily handle inter-zonal interactions.



2.4  Calculating interzonal and intrazonal generalised costs

The derivation of a cost matrix from the Christallerian system is the next step.  Once again, the algorithms needed to construct representative cost matrices are complicated mainly due to ambiguities of Christaller’s original formulations, which have not been removed by subsequent research.



The simplest approach would be to follow the consequences of Christaller’s assumption of freedom of movement in all directions, which would imply the use of airline distances.  Such distances have also been used in practical applications (e.g. Rhodes and Whitaker, 1967).  But in the case of the Christallerian system it is known that Christaller complemented his models (K=3,4,7) with transportation networks, and the K=4 is based on the transport principle.  His original network, shown in Figure 4, is quite ‘untidy’ which does not allow for airline-type trips, even though the formation of spatial markets assumes such trips!  Movement in all directions is possible in this network but distances between served and serving zones are different from those relating with an absolute free movement (airline distance) measurement.  This is one of several inconsistencies in Christaller’s original work which clearly affect the assumed trip and cost patterns.

For the purpose of this study a more ‘neat’ network was adopted.  Figure 5 shows the network and Figure 6 suggests an explanation, based on the assumption that roads are designed to connect fourth level centres, which produces six major radial arteries and an outer ring road for each particular fourth level system.  It can be observed that the outer ring is in fact composed of segments of minor radials connecting two far away fourth order centres.  This network is also given in standard references on central place theory (e.g. Berry, 1967, figure 3.10, p.68).



Some examples would illustrate how the network works.  The population of zone 1122, for instance, would according to Christaller be shared by centres 6200, 1200, and 0400 for second order trips (see Fig.2).  The road network, however, provides for a direct connection only with 0400.  As a result, the trips to 1200 must be made via 0400 with an increase in trip length, and the possible effect of intervening opportunities at 0400; the latter aspect is not dealt with by Christaller.  Another consequence is that the distances from any I200 node to any I121 (or any I122) node are equal on the road network, as an inspection of Figure 5 shows, and thus all I200 centres are ‘nearest’ to any I121 (or I122) node!  Of course, this is not the case if airline distances, implied by freedom of movement assumptions, are used.  The effect, if any, that these Christallerian inconsistencies have on the performance of the spatial interaction models is assessed later.



Here we use two different distance or generalised cost measurements.  One is based on airline distances and can be readily calculated by digitising the nodes shown in Figure 2 and then computing an euclidean distance matrix.  The data were scaled so that the longest trip from both distance measures is the same.  The second approach is to compute distances along the assumed road network; see Appendix 5.  The use of this assumption distinguishes the current study from others such as Beavon (1977) who uses airline distances throughout a loschian system (p.88).



Thus we are able to assess the impact that different transport assumptions have on the assumed travel behaviour of the inhabitants of the Christallerian system, and make explicit the inconsistencies of Christaller’s original work.



Network distances are computed by applying various geometric relationships once a measurement has been assigned to the longest distance (R) from the centre (0400) to the edge of the region (viz 1300).  Alternatively, these distances could be expressed in terms of the radius (r) of the smallest hexagon in the region, that is the radius of the spatial market of the first order good.  It is shown in Appendix 5 that �EMBED Equation.3���  The computation of network distances is not easy.  In some cases there exist several alternative network paths and it is necessary to compute the shortest; for example, between 1111 and 2111.  Examples of such calculations are also given in Appendix 5.



Finally, intra-region hexagon costs are calculated according to the formula (proof is not given here):



	c(i,i) = R(0.33 + 0.25log3)

which represents an approximate mean trip length, assuming a uniform distribution of population within a hexagon.



A set of network distances are given in Appendix 7 for r = 20 units.  Finally, a set of airline distances scaled in approximately the same units is given in Appendix 6.



3  Numerical Experiments

3.1  Some spatial interaction models with overlapping markets

Attention is focused on a subsystem model of retail trips from the spatial interaction activity structure.  It is assumed, therefore, that consumer behaviour is described by a production-constrained spatial interaction models with a negative exponential function for distance and an attraction factor for representing centres of various sizes.  It is also assumed that supply and demand are measured in the same units.  Consumers are considered by the model as potentially travelling from any origin to any destination zone, under the opposing effects of centre attraction and distance ‘friction’.  It implies overlapping spatial markets.



The spatial interaction models used here can be written as:

�EMBED Equation.3���								(1)

�EMBED Equation.3���								(2)

where:

Sijg	is the flow of expenditure from zone i to zone j on level of good g;

Pig 	is the expenditure available for good g in zone i;

Wjg	is the attraction of zone j for good g;

Cij 	is the generalised travel cost between zones i and j;

ag, bg 	are parameters to be estimated: the ag represents possible economies of scale, and the 	bg is the distance parameter, for type of good g.

It is noted that trips and expenditure flows are treated here as being identical and that the trip matrix in Appendices 1-4 can be regarded as a matrix of expenditure flows (Openshaw, 1975).  The question is how well can this basic model represent the concepts of central place theory in so far as they are contained in the theoretical data sets of Appendices 1-4 and 6.  It may be expected that when this model is calibrated then the values of a and b will take on the optimal values needed to allow the model to best represent the concepts of central place theory.  According to Wilson (1976) this would imply that for a Christallerian K=3 network, b should tend towards infinity and a towards one.



One complication is the form of the attraction function, another is to do with the need to disaggregate the model by level of good, since there are theoretical difficulties in aggregating the Christallerian trip data because Christaller had no notion of scale effects, economies of scale, or external economies.  If the model is disaggregated as required by central place theory then there may be problems with the spatial interaction models because the attraction term �EMBED Equation.3���allows no coupling between trips for different types of good.  The solution suggested by Wilson (1981a) is to base the attraction term partly on the size of centre �EMBED Equation.3���and partly on the effect of the provision of a particular good:

�EMBED Equation.3���									(3)

This can also be modified so that the �EMBED Equation.3���terms only involve elements of �EMBED Equation.3���for g’s at higher levels in the hierarchy:

�EMBED Equation.3���									(4)

The parameters a1, a2 measure the effect on the attraction function of the supply of facilities for one level of good on the centres attraction for other levels of good.



3.2  Some gravity models with non-overlapping markets

An interesting alternative to the spatial interaction models is the model due to Reilly (1931) which yields non-overlapping spatial market.  It assumes that a centre j captures origin zones in relation to the factor �EMBED Equation.3���where pj is the population size of city j, and dij is the distance from origin zone i to destination zone j.  An origin zone is exclusively assigned to whichever centre maximises this factor.  This model, therefore, also assumes an attraction term and a distance ‘friction’ effect.  A final model with non-overlapping markets can be obtained from the basic spatial interaction model.  Origin zones are assigned to destination zones which have the highest number of trips.



3.3  Model goodness of fit

The models described in sections 2 and 3 can be arranged into two basic families, according to whether their market areas are allowed to overlap or not.  A number of different spatial interaction models are examined: simple models based on equations (1) and (2) with a single parameter (b), two parameters (a,b), a complex attraction term as in equation (3), a complex attraction term as in equation (4), and a potentially non-overlapping version of the simple model with a single (b) parameter set at -99 (a finite approximation to ‘infinity’).  Three non-overlapping market area models are also considered.  These are two versions of the basic Reilly model, one of which uses, as Reilly did, population size (interpreted here as the number of origin trips for a particular level of good in a zone), and the other the number of destination trips.  Finally, there is a version of the simple spatial interaction model with its (b) parameter fixed at -99 but with all trips from each origin zone being assigned to whichever destination attracts the largest flow, so that non-overlapping market areas can be generated.



Table 4 reports the performance of the 8 models for four levels of good and one artificial aggregation of ‘all’ goods, two different cost matrices, and three different closure assumptions.  The parameters in these models are estimated by nonlinear least squares.  It is clear that the levels of performance, measured in terms of mean absolute error, are considerably less than perfect, with the major exception of the level four good.  This is primarily due to the nature of the origin constrained spatial interaction models.  Since there is only one level four centre, the model is constrained to reproduce the correct trip distribution, regardless of parameter values.



The original Reilly model fails because it uses not zonal attraction (for example, destination trips) but population size (for example, origin trips) as the basis for determining market areas.  In a Christallerian system all origin zones are of the same arbitrary size.  The revised model does far better because it is based on destination trips.



The occasional perfect performance of the complex attraction function spatial interaction models for level three goods, and the generally good performance of the other spatial interaction models, is attributed to the simple pattern of centres; one central and the remainder evenly spaced on the periphery (see Figure 2).  This arrangement results in a clear set of ‘spheres of influence’ which the deterrence function can readily represent.  This situation is sometimes exploited by the complex attraction factors to produce virtually a perfect fit, especially for territorial and functional system closure assumptions, which have the effect of increasing the attraction size of the peripheral zones and thus reducing the relative dominance of the central node.  It is also interesting that the airline distances produce better levels of fit that the network distances, which corroborates the view that Christaller did not take transport networks into account and emphasises the effect of those related inconsistencies which have been discussed previously.



By contrast, the Reilly models operate poorly with these data.  This implies that the scale used to measure the cost is very important and that if an optimal scaling could be found then better levels of performance may be achieved.  Thus, if the distance exponent were changed, then a more realistic trip pattern may be produced.  A version was investigated with a variable distance parameter but the sum of squares function exhibits a marked discontinuity once a critical threshold, in terms of distance exponent, is exceeded.



However, it is noted that the interaction model with b = - 99 is also unable to reproduce the correct data patterns, probably because centre 0400, which also supplies order three goods, and is thus at the same time a third order centre, competes ‘unfairly’ (in distance terms) with the I300 centres, due to its central location.



A similar pattern characterises the results for level 1 and 2 goods.  However, the situation is now far more complex and the performances of all the models deteriorate.  The distance deterrence function is no longer sufficiently sensitive to pick out the relevant market areas that exist in the data.  The benefits of complex attraction factors are also no longer noticeable and none of the models seems to be able to cope with these more complex trip patterns.  The Reilly models perform usually slightly worse than the other interaction models.  Finally, it is noted that, contrary to prior expectations, a distance exponent at infinity has no noticeable effect.



Finally, an aggregation of all four levels of data was considered.  Christaller never intended anything like this and it is considered here only out of interest, in case the spatial interaction models is capable of working best with an aggregate trip pattern.  The results are, however, disappointing in that they are consistent with what has already been discovered.



3.4  Errors in predicted destination trips

Further information about the models’ performance can be obtained by comparing the observed and predicted trips totals assigned to various destination zones.  Remember that the spatial interaction models used here are only constrained at the origin end.  Table 5 reports the sum of the absolute errors.  What is very interesting is that although the spatial interaction models are generally unable to reproduce the correct trip pattern, one model in particular always achieves the correct destination totals.  This is the spatial interaction models with b set at infinity.  The predicted trip pattern is almost completely wrong (see Table 4) but the predicted destination totals (formed by summing wrongly predicted trips) are nearly always correct (the differences are due to rounding errors following integerisation).  So it would seem that the theoretical expectation that there is a correspondence between central place theory and SIA models only holds so far as the destination totals are concerned and does not extend to the full trip matrix.  This restricted equivalence between central place theory and spatial interaction models is not without some theoretical significance, but full correspondence is yet to be established.



3.5  Parameter values

The parameter values are also of interest since it is possible to hypothesise as to what values might be broadly consistent with central place theory.  According to Wilson and Senior (1974), the negative exponential distance function parameter b should tend towards infinity.  In addition, because the b values provide a reflection of the size of market areas, the value of b for a level 1 good might be expected to exceed that for a level 2 good, and this would in turn exceed that for a level 3 good; the level 4 good is a special case in this study.  However, it is apparent that the expected parameter values and patterns of change with level of good simply do not occur for any of the data sets examined here.  For example, the b values for a single parameter negative exponential deterrence function model ranged from -.070 to -.541, which is hardly the expected value of infinity.  The two parameter model with an attraction parameter as well as a negative exponential deterrence function did display a more consistent pattern of variation in b values; for example, with b increasing from -.110 to -.530 for a level 3 good.  However, the variation in attraction parameters (1.0, .385, and .907) is virtually impossible to explain.



3.6  The structural zero problem

One explanation of the seemingly surprising poor performance of the various spatial interaction models is the difficulty that these models have in correctly predicting structural zeros.  The hierarchical trip data naturally contain a large number of zero trips because of the strict hierarchical pattern of the Christallerian system.  However, the spatial interaction model’s only information about this structure is the pattern of �EMBED Equation.3���values and it will always predict non-zero flows from all origin zones to a destination with a non-zero attraction term.  If the deterrence function were able to correctly represent the observed trip pattern, then it would correct for this particular effect by predicting nearly zero values.  However, it seems that as the number of structural zeros increase (i.e. as the level of good decreases and the interaction matrix comes close to being diagonal), then the problem becomes more serious and the model is no longer able to adapt to these trip patterns.  Table 6 indicates the differences between the number of structural zeros implicit in the central place theory data and in the spatial interaction models.



4  Conclusion

It is hoped that the results described here and especially the data in Appendices 1-4 and 6 will be taken further in subsequent research.  The principal conclusion is that interaction patterns in Christallerian systems, and thus the concepts of central place theory, are more complex than it has been assumed.  This study, however, proves that it is possible to operationalise the Christallerian system, derive data, and carry out numerical experiments.



A variety of spatial interaction models were investigated and found to be unable to adequately reproduce the more complex expected trip distributions.  Some reasons for this somewhat surprising discovery have been offered, but clearly further research is possible and necessary.  Even our conclusions could be explored and discussed further.



Indeed, a large number of theoretical experiments could be devised along the lines of Chapin and Kaiser (1979) and the hypothetical data given here may well become a testbed for future ‘laboratory’ experiments and an aid in computer-assisted pedagogic exercises.



Data and methodology presented here should certainly be used to answer fairly general theoretical questions, such as how well can current model building methods represent a partial, hierarchical interaction/connectivity matrix, which is central in evaluations of 2-D entropy representations of system interactions/structure.



Additionally, given that the data structure is known, what model building methods are best able to identify it?  Regionalisation methods could be also tested against these set of data.



Such extensions of the present research may open the way for more explorations into different spatial configurations, providing thus a serious alternative to the impressionistic methods which were often used in proposals for “ideal cities” or New Towns.



These explorations also show that the common practice in planning studies of planning shopping centres according to central place theory principles and then using spatial interaction models for evaluation of alternatives contain a fundamental source of serious errors.



It is noted that by comparison with central place theory various spatial interaction models do not suffer the restrictive assumptions that market areas cannot overlap.  However, it can be argued that the benefits of a more flexible model form do not amount to much, if it cannot reproduce data with a known and simple structure.



One final interesting questions is emphasised.  It is probably the first time that one theory (Christallerian central place theory) has been tested against another (theory of spatial interaction) in a numerical fashion.  There is no reason why this style of investigation cannot be extended to include other central place systems, more (or less) complex models, and other theories in various areas of research.  Indeed, it is numerical experiments of this form that may form the basis for new types of computerised and yet theoretical explorations and theory building, applying experimental methods to explore, test out, compare and evaluate existing (or new) theories.  Such experiments are common in some subjects, such as experimental physics, and there is no reason why similar approaches cannot be applied to urban and regional systems modelling.
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�Table 1  Trips according to Christallerian logic: assumption of an isolated state



�destination nodes��origin

nodes�level

of good�
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I112�
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I200�

I300�
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Note: 	Appendix 1 to 4 give data generated under this assumption

	Quantity P represents an arbitrary number of persons assigned to a base hexagon

	* for these origin nodes the specified quantity of trips is only attributable to the 		nearest centre node along the network

�Table 2	 Trips according to Christallerian logic: assumption of territorial closure

origin

nodes�level

of good�

I111�

I112�

I121�

I122�

I200�

I300�

0400��0400�4�P/2�P/2�P�P�P�P/3�P���3����P�P/3��P���2����P/3���P���1�������P��I300*�3�P/2�P/2�P��P/3�P/3����2�P/4�P/4�P/3�P/3��P/3����1������P/3���I200*�2�P/4�P/4�P/3�P/3�P�����1�����P����I11L*�1�P/2�P/2�������I12L*�1���P�P������Table 3	 Trips according to Christallerian logic: assumption of functional closure

origin

nodes�level

of good�

I111�

I112�

I121�

I122�

I200�

I300�

0400��0400�4�P/2�P/2�P�P�P�P/3�P���3����P�P/3��P���2����P/3���P���1�������P��I300*�3�P�P�P��P/3�P����2�P/3�P/3�P/3�P/3��P����1������P���I200*�2�P/3�P/3�P/3�P/3�P�����1�����P����I11L*�1�P�P�������I12L*�1���P�P������Table 4  Mean absolute errors in predicted trip matrices

�cost matrix based on network

 level of good��cost matrix of airline distances

 level of good��model�all�1�2�3�4��all�1�2�3�4����under assumption of an isolated state��1�8.7�4.5�3.1�0.7�0.02��8.5�4.8�3.7�0.2�0.04��2�8.5�4.5�2.6�0.8�0.00��8.7�4.8�3.8�0.2�0.00��3�8.4�4.5�2.6�0.8�0.00��8.6�4.8�3.7�0.2�0.00��4�8.4�4.5�2.6�0.8�0.00��8.6�4.8�3.8�0.2�0.00��5�9.1�5.0�4.1�4.1�0.05��9.1�5.0�4.1�4.1�0.05��6�15.4�5.0�7.4�5.1�5.18��15.4�5.0�7.4�5.1�5.10��7�11.5�5.0�6.3�3.9�0.00��11.5�5.0�6.1�3.9�0.00��8�11.5�5.1�5.1��0.00��11.5�5.1�5.0�0.5�0.00����under assumption of territorial closure��1�6.2�3.1�2.1�0.7�0.02��6.2�3.5�2.5�0.3�0.04��2�6.3�3.0�1.3�0.9�0.00��6.5�3.5�2.5�0.4�0.00��3�6.2�3.0�1.2�0.0�0.00��6.3�3.5�2.5�0.02�0.00��4�6.2�3.0�1.2�0.0�0.00��6.3�3.5�2.5�0.02�0.00��5�6.3�3.6�2.5�2.7�0.05��6.3�3.6�2.5�2.7�0.05��6�11.7�3.6�6.0�3.7�3.78��11.7�3.6�6.0�3.7�3.78��7�9.2�3.6�5.1�2.5�0.00��9.2�3.6�5.0�2.5�0.00��8�9.6�2.9�4.4��0.00��9.2�3.7�4.2�0.5�0.00����under assumption of functional closure��1�7.4�4.5�2.9�0.7�0.02��7.3�4.8�3.3�0.27�0.04��2�7.4�4.5�2.4�0.8�0.00��7.7�4.8�3.5�0.27�0.00��3�7.3�4.4�2.2�0.2�0.00��7.5�4.8�3.4�0.02�0.00��4�7.3�4.4�2.2�0.0�0.00��7.5�4.8�3.4�0.02�0.00��5�7.9�5.0�3.6�4.1�0.05��7.9�5.0�3.6�4.1�0.05��6�13.4�5.0�6.8�5.1�3.78��13.4�5.0�6.8�5.1�3.78��7�10.9�5.0�6.0�3.9�0.00��10.9�5.0�6.0�3.9�0.00��8�11.5�4.3�5.1�0.5�0.00��10.9�5.1�4.9�0.5�0.00��

�Table 5 Sum of absolute errors in predicted destination trips

�cost matrix based on network

 level of good��cost matrix of airline distances 

level of good��model�all�1�2�3�4��all�1�2�3�4��1�978�433�880�806�39��1144�562�775�319�59��2�3221�433�880�906�0��1647�562�1389�325�0��3�2918�480�880�931�0��1462�553�1094�297�0��4�2918�480�877�906�0��1462�553�1384�325�0��5�0�0�47�59�71��0�0�47�59�71��6�20927�6912�10175�7103�7104��20927�6912�10175�7103�7104��7�15743�6912�8447�5375�0��15743�6912�6335�5375�0��8�15743�2496�2111��0��15743�4800�3647�767�0����territorial closure��1�603�600�806�873�33��591�391�276�455�55��222�3063�756�1433�1002�0��1508�359�316�495�0��3�3065�754�917�2�0��1812�353�198�11�0��4�3065�754�917�0�0��1812�353�198�11�0��5�0�0�47�59�71��0�0�47�59�71��6�15935�4991�8255�5183�5183��15935�4991�8255�5183�5183��7�12671�4991�6623�3455�0��12671�4991�5375�3455�0��8�9215�1727�4799��0��12671�2879�2239�767�0����functional closure��1�1414�433�853�806�33��1207�562�588�319�55��2�3100�433�986�906�0��1480�562�997�325�0��3�3003�538�494�77�0��1297�572�1130�11�0��4�3003�539�494�0�0��1297�565�1178�11�0��5�0�0�47�59�71��0�0�47�59�71��6�18239�6912�9407�7103�5183��18239�6912�9407�7103�5183��7�14975�6912�8319�5375�0��14975�6912�8319�5375�0��8�8831�2496�4799�767�0��14975�4800�3519�767�0���Table 6  Structural zeros

��cumulative number of zero trips��level of good�number of centres�in

data�in

si model�in

r model��1�37�1332�0�1332��2�13�1248�888�1332��3�7�1320�1110�1332��4�1�1332�1332�1332���Appendix 1  Trip matrix for level 1 goods



       400��96�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���1300������������������0�96�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���2300������������������0�0�96�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���3300������������������0�0�0�96�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���4300������������������0�0�0�0�96�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���5300������������������0�0�0�0�0�96�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���6300������������������0�0�0�0�0�0�96�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���1200������������������0�0�0�0�0�0�0�96�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���2200������������������0�0�0�0�0�0�0�0�96�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���3200������������������0�0�0�0�0�0�0�0�0�96�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���4200������������������0�0�0�0�0�0�0�0�0�0�96�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���5200������������������0�0�0�0�0�0�0�0�0�0�0�96�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���6200������������������0�0�0�0�0�0�0�0�0�0�0�0�96�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���1111������������������0�0�0�0�0�0�0�0�0�0�0�0�0�96�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���1112������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�96�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���1121������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�96�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���1122������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�96�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���2111������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�96�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���2112������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�96��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���2121������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��96�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���2122������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�96�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���3111������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�96�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0���3112������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�96�0�0�0�0�0�0�0�0�0�0�0�0�0�0���3121������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�96�0�0�0�0�0�0�0�0�0�0�0�0�0���3122������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�96�0�0�0�0�0�0�0�0�0�0�0�0���4111������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�96�0�0�0�0�0�0�0�0�0�0�0���4112������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�96�0�0�0�0�0�0�0�0�0�0���4121������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�96�0�0�0�0�0�0�0�0�0���4122������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�96�0�0�0�0�0�0�0�0���5111������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�96�0�0�0�0�0�0�0���5112������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�96�0�0�0�0�0�0���5121������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�96�0�0�0�0�0���5122������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�96�0�0�0�0���6111������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�96�0�0�0���6112������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�96�0�0���6121������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�96�0���6122������������������0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�96�����������������������



Note



Trips are by rows and assume an isolated state closure assumption.  



Figure 3 shows the location of the zones listed above.

�Appendix 2  Trip matrix for level 2 goods
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